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1. Introduction

Consider the following random graph model on n vertices. Vertices are randomly
chosen from the interval [0, 1] according to a given distribution. Then, for each pair of
vertices x,y, independently, an edge is added with probability w(z,y), where w : [0, 1] —
[0,1] is a symmetric, measurable function.

In this article, we are interested in the special case where w is increasing towards the
diagonal. Specifically, for x < y, w(z,y) decreases as y increases or x decreases. Such a
random graph has a linear geometric interpretation: vertices are embedded in the line
segment [0, 1], and live in a probability landscape where link probabilities decrease as
the linear distance between points increases. We will refer to this as a random graph
with a linear embedding.

Consider now the problem of recognizing graphs produced by a random graph process
with a linear embedding. If the labels of the vertices are provided, this question may be
answered by regular statistical methods. When only the isomorphism type of the graph
is given, the question becomes more complicated. We address the question of how to
recognize graphs whose structure is consistent with that of a random graph with a linear
embedding.

Recognition is easy in the special case of unit interval graphs, or one-dimensional
geometric graphs. Here, the selection of vertices is random, but the edge formation is
deterministic. In other words, the function w governing edge formation only takes values
in {0,1}. In this paper, we introduce a graph parameter I'* which aims to measure the
similarity of the graph to an instance of a random graph with a linear embedding. We
show that I'* of a given graph equals zero if and only if the graph is a one-dimensional
geometric graph (Proposition 3.4). We then consider the behaviour of T'™* when it is
applied to convergent sequences of graphs {G,}, where convergence is defined as in the
theory of graph limits as developed by Lovédsz and Szegedy in [20].

In this theory, convergence is defined based on homomorphism densities, and the limit
is a symmetric, measurable function. The theory is developed and extended to sequences
of random graphs by Borgs et al. in [6,8,7] and is explored further by Lovész and others
(see for example [5,9,22]. See also the recent book [19]). As shown by Diaconis and
Janson in [14], the theory of graph limits is closely connected to the probabilistic theory
of exchangeable arrays. A different view, where the limit object is referred to as a kernel,
is provided by Bollobés, Janson and Riordan in [1,2]. The connection with the results of
Borgs et al. and an extension of the theory to sparse graphs are presented in [4].

Homomorphism densities characterize the isomorphism type of a (twine-free) graph.
A graph sequence {G,} converges if and only if all of the homomorphism densities of
the graphs G,, converge. Moreover, the limits of all these homomorphism densities can
be obtained from a symmetric, measurable function w on [0, 1]? which represents the
“limit object”. Thus, w encapsulates the local structure of the graphs in the sequence.
Conversely, the randomly growing graph sequence obtained from w, according to the
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process described earlier, will asymptotically exhibit the same homomorphism densities,
and thus have a similar structure.

Let {G,} be a sequence of graphs converging to a symmetric, measurable function w.
(One may think of this sequence as an instance of a randomly growing graph sequence
generated by w.) Can we recognize whether this sequence is generated by a random graph
process with a linear embedding? To answer this question, we introduce a parameter I,
which applies to symmetric, measurable functions. For such a function w, I'(w) = 0
if and only if the function w is diagonally increasing (Proposition 4.2). A random graph
process with a linear embedding is simply one for which the corresponding function w
satisfies I'(w) = 0.

The main result in this paper regards the relation between I'* as applied to a con-
vergent graph sequence {G,}, and T" applied to the limiting function w. Firstly, every
graph G can also be regarded as a {0, 1}-valued function wg. It is not hard to prove
that, for a given graph G, I'*(G) and I'(w¢) are asymptotically equal (Theorem 5.1 and
Corollary 5.2). A harder question concerns the relation between the sequence of I'*-values
of the graphs, {I'"*(G,,)}, and the I'-value of the limiting function, I'(w). This question is
addressed in Section 6. To obtain any continuity type results, we need to address the fact
that functions w representing the limit of a converging graph sequence are not unique.
Moreover, I" can attain different values for different functions representing the same limit
object. Thus, we introduce T as the infimum of I'(w), where the infimum is taken over
equivalence classes of functions that all have box distance 0 to each other. Note that
every equivalence class consists of functions that all represent the same limit object.

Our main result (Theorem 6.4) shows that T is continuous. It follows that, for a graph
sequence {G,} converging to a function w, the sequence {I'"*(G,)} converges to I'(w),
the infimum of I'(w*) over all functions w* which represent the limit of the converging
sequence {Gp}. Thus, there exists a function w* arbitrarily close to w under the box
distance, so that lim,_,. I'*(Gy,) is arbitrarily close to I'(w™).

Our findings justify the conclusion that, for large graphs, I'*(G) does give an indication
of compatibility of G with a random graph model with linear embedding. In particular
for a converging graph sequence {G,}, we have I'*(G,) — 0 as n — oo if and only if
{Gy} converges to a function w which has I'-value arbitrarily small (Corollary 6.5).

The approach we take in this paper was inspired by a paper by Bollobéas, Janson
and Riordan on monotone graph limits (see [3]). In that paper, a graph parameter € is
introduced, which assumes value zero precisely for threshold graphs. It is then shown that
a converging sequence of graphs for which €2 tends to zero has a limit that is a monotone
function. Thus, monotone graph limits can be seen as generalizations of threshold graphs.

The flavour of the results in this paper is similar to those on monotone graph limits.
Namely, we show that diagonally increasing graph limits can be seen as generalizations
of unit interval graphs. However, monotone functions have “nice” properties that do not
carry over to diagonally increasing functions. So there are significant differences where the
proofs are concerned. Specifically, the equivalence class of functions obtained by applying
measure preserving maps to a given function w contains at most one monotone function.
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This is not true for diagonally increasing functions, which is why we need to introduce
the parameter T, which complicates the statement and proof of the main result. Another
major difference is that, for monotone functions, L'-distance and box distance are equiv-
alent. This however is not true for diagonally increasing functions. Thus we need to use
entirely different methods to prove our continuity result than the ones developed in [3].

Diaconis, Holmes and Janson also consider the limits of threshold graphs (see [12]),
and the limits of interval graphs (see [13]). Note that the one-dimensional geometric
graphs studied in our paper are a special class of interval graphs; namely unit interval
or proper interval graphs. However, the authors of [13] focus on different properties and
generalizations of interval graphs, and their results do not apply to the problems we
consider here.

Finally, we say a few words about the motivation behind this paper. Our results show
that a graph parameter, I'*, applied to graphs of increasing size, can help recognize
graphs that are “close” to a diagonally increasing function, and thus resemble a random
graph with a linear embedding. Therefore, we can interpret I'* as a parameter that helps
recognize the (one-dimensional) spatial embedding underlying the graph.

The question of recognizing graphs that have a spatial embedding is motivated by the
study of real-life complex networks. If one assumes that such networks are the manifes-
tation of an underlying reality, then a useful way to model these networks is to take a
latent space approach. In this approach, the formation of the graph is informed by the
hidden spatial reality. The graph formation is modelled as a stochastic process, where
the probability of a link occurring between two vertices decreases as their metric distance
increases.

The spatial reality can be used to represent attributes of the vertices which are in-
accessible or unknown, but which are assumed to inform link formation. For example,
in a social network, vertices may be considered as members of a social space, where the
coordinates represent the interests and background of the users. Given only the graph,
such a spatial model allows us to mine the underlying spatial reality. This approach
was taken by Hoff et al. in [17]. In most cases, spatial models are formed on spaces of
dimension at least two, but a one-dimensional (linear) spatial model, the niche model,
is proposed in [24] to model food webs. Our result can be interpreted as a step towards
the recognition of graphs that can be well-modelled by a linear spatial model.

This paper is organized as follows. In Section 2, we briefly review the results from the
theory of graph limits. In Section 3, we give precise definitions for the concepts of spatial
embedding and linear embedding for a random graph model, introduce the graph param-
eter I'*, and show that it characterizes one-dimensional geometric graphs. In Section 4,
we introduce a continuous analogue of I'*) called I', which applies to symmetric mea-
surable functions. In Section 5 we show that, for any graph G, I'*(G) is asymptotically
equal to the value of T" applied to the {0, 1}-valued function representing G. In Section 6
we introduce the generalized parameter I'. Our main result is Theorem 6.4 which shows
that T is continuous. In Corollary 6.5, we interpret this continuity result for converging
graph sequences.
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2. Preliminaries: graph limits

In this section we summarize the basic definitions and results from the theory of
graph limits, insofar as they are relevant to this paper. For more background, the reader
is referred to the papers referenced in the introduction. A thorough study of the subject
can be found in [19]. In this section, we follow the terminology of [20].

Let F and G be two simple graphs, i.e. graphs without loops or multiple edges. Let
V(F) and V(G) be vertex sets of F and G respectively. A map V(F) — V(G) is called
a homomorphism from F to G if it maps adjacent vertices in F' to adjacent vertices
in G. Let hom(F, G) be the number of homomorphisms of F into G. The homomorphism
density of F into GG is defined as

hom(F,G)

The homomorphism density can be interpreted as the probability that a random mapping
V(F) — V(G) is a homomorphism.

Let {G,} be a sequence of simple graphs such that |V(G,,)| — oo. We can define a
notion of convergence based on homomorphism densities.

Definition 2.1. We say that the sequence {G,} converges if for every simple graph F,
the sequence {t(F,G),)} converges.

This definition of convergence is non-trivial only for dense graphs, i.e. for graph se-
quences {G,} with the property that |E(G,)| = Q(|V(G,)|?). When {G,,} consists of
sparse graphs, then for all graphs F with at least one edge, t(F,G,) — 0.

As shown in [6], the notion of convergence of graph sequences is closely connected
to a certain metric space described as follows: Let W, denote the set of all measurable
functions w : [0,1]> — [0,1] which are symmetric, i.e. w(z,y) = w(y,z) for every
x,y € [0,1]. The elements of Wy are called graphons. We also denote by W the space of
all the bounded symmetric measurable functions from [0, 1]? to R. We can extend the
definition of homomorphism densities to W as follows. For each function w € W, let

t(F,w) = H w(x;, z;)dey ... doy, (1)
1)k EEF)

where V(F) ={1,2,...,k}.

A simple graph G, with vertex set V(G) = {1,2,...,n} and adjacency matrix A, can
be represented by a function wg € Wy, which takes values in {0,1}. Split the interval
[0,1] into n equal intervals I, Is, ..., I,,. Now for (z,y) € I; x I;, let

Ai,j fOI'Z?é]
1 fori=j

o) = { @)
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Our definition of w¢ differs slightly from that given in [20] since we give the diagonal
blocks I; x I; value one, not zero. The advantage of this choice becomes apparent when
we discuss “diagonally increasing” functions. It is a convenience and is not essential for
the results.

Note that a graph can be represented by many different functions wq. Each labelling
of the vertices of G results in a permutation of the rows and columns of the adjacency
matrix, and leads to a trivially different function. Since a graph represents an entire
isomorphism class, we need to introduce an equivalent notion for functions in W. Recall
that a map ¢ : [0,1] — [0, 1] is measure-preserving if for every measurable set X C [0, 1],
the pre-image ¢~ !(X) is measurable with the same measure as X. Let ® be the set of all
invertible maps ¢ : [0,1] — [0, 1] such that both ¢ and its inverse are measure-preserving.
Any ¢ € ® acts on a function w € W by transforming it into a function w?, where
Wt (z,y) = w(9(2), 6(y)).

The notion of the convergence of a graph sequence can be better understood if W is
equipped with a distance derived from the cut-norm, introduced in [15] and defined as
follows: For all w € W,

lwl|jg= sup ‘/w(%y)d:rdy, (3)
S,7C[0,1]
SxT

where S and T are measurable subsets of [0, 1]. We then define the cut-distance of two
functions wy and we in W by

Op(wy,we) = inf ||Jw; —w D—lnf sup ‘/ wy — w? (4)
olun,wa) = if i —ufllo = jnf sup 2)

This yields the definition of the cut-distance of two (unlabelled) graphs G and G’, defined
as

55 (G, G/) = 55 (wg, U)G/). (5)

The choice of term “distance” rather than “metric” is due to the fact that 05(G, G’) can
be zero for different graphs G and G’, for example when G’ is the k-fold blow-up of G
(see [6] for more details).

It is shown in Theorem 3.8 of [6] that a graph sequence {G,} converges whenever
the corresponding sequence of functions wg,, is dg-Cauchy. Moreover, to a convergent
graph sequence {G,}, one assigns a “limit object” represented by a function w € W
(not necessarily integer-valued, or corresponding to a graph). More precisely, for every
convergent sequence {G,, }, there exists w in W, such that the homomorphism densities
t(F,G,,) converge to the homomorphism densities ¢(F, w) for every finite simple graph F'.
If this is the case, we say {G,} converges to w, and write G,, — w. Such a function w
encodes the common structure of the graphs of the sequence. For more details, see [20].
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In this paper, we use the following characterization of convergent graph sequences which
is given in [6].

Theorem 2.2. (See [6].) A sequence {Gy} converges to a function w in Wy if and only
if 0n(wg,,,w) — 0. Furthermore, if this is the case, and ||V (G,)| — oo, then there is a
way to label the vertices of the graphs G, such that ||wg, — w|g — 0.

The limit object of a convergent graph sequence is unique up to measure-preserving
transformations. Namely w and w’ are limits of a convergent graph sequence {G,} if and
only if w? = w'¥ almost everywhere for some measure-preserving maps ¢, : [0,1] —
[0,1] (or equivalently whenever d5(w,w’) = 0). Note that cut-distance does not define a
metric on W, as two different functions can have dg-distance zero. We say two functions
w',w € Wy are equivalent, and we write w’ =~ w, if dg(w’, w) = 0. Identifying equivalent
functions w and w’ in W, we consider the cut-distance as a metric on the quotient space
W/ =, denoted by W. Similarly, we define the set Wo of unlabelled graphons. It was
shown in [21] that W, is in fact a compact metric space.

Finally, given any function w € Wy, and integer n, we define the random graph G(n, w)
to be the probability space of graphs on vertex set {1,2,...,n} obtained through the
following stochastic process: Each vertex j receives a value z;, drawn independently and
uniformly at random from [0, 1]. For each pair i < j, independently, vertices ¢ and j are
then linked with conditional probability w(z;, ;). In [20], it is shown that, asymptotically
almost surely, for any finite graph F, the homomorphism density ¢(F, G) for a graph G
produced by G(n,w) is arbitrarily close to ¢(F,w). Thus, a graph sequence {G,,}, where
for each n, G, is produced by G(n,w), almost surely converges to w.

3. Linear embeddings and the parameter I'*

In this section, we will define a graph parameter I'* which is zero precisely when the
graph is a unit interval graph, or one-dimensional geometric graph, and thus has a natural
linear embedding. In subsequent sections we will then introduce a related parameter T’
which applies to functions in Wy. Using graph limits, we will show a close relationship
between the two parameters, especially when applied to convergent graph sequences.

First, we need precise definitions of the concepts discussed in the introduction. Follow-
ing the convention, see for example [18], we use both random graph and random graph
model to denote a discrete probability space where the sample space is the set of all
graphs on a given vertex set. The notation u ~ v signifies “u is adjacent to v”. The link
probability for a given pair of vertices u, v is the probability of the event u ~ v.

Given a convex region S C R* equipped with a metric d derived from one of the L,
norms, we define a symmetric function f : S x S — [0,1] to be a spatial link function
if for every a € [0,1] and for every € S, the region R,(x) = {y : f(z,y) > a} is
a convex set containing x. Thus, if we move a point y away from a given point x along a
ray starting at x, then f(x,y) decreases as the distance from z increases. This does not
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mean that f(x,y) is always decreasing as the distance d(z,y) is increasing, however. For
example, if S = [0, 1], one can define a spatial link function f as follows:

1—|z—yl ifx4+y>1,
f(fv,y):{

x4+y—|r—y| otherwise.

Then for f(%, % +0)=1-4, and f(%, % —0) = 1—26. In both cases, the link probability
decreases as 0 increases, but the rate is different for values on different sides of %

Let k be a positive integer, and S be a convex region in R*. Let d denote a metric
derived from one of the L, norms on S. Fix n € N. For a spatial link function f and
a probability measure p on S, we define a spatial random graph SG(S,d, f,u,n) to be
a random graph with vertex set {1,2,...,n} formed according to the following process.
Each vertex j receives a value x, drawn from S according to the probability distribution
given by p. For each pair ¢ < j, independently, vertices ¢ and j are then linked with a

conditional probability which equals f(z;, ;).

Definition 3.1. A random graph on the vertex set {1,2,...,n} has a spatial embedding
into a given metric space (5,d) if there exist a probability distribution p and a link
probability function f so that the random graph corresponds to the spatial random
graph SG(S,d, f,u,n) (i.e. gives the same probability distribution on the sample space
of all graphs with vertex set {1,2,...,n}). A linear embedding is a spatial embedding
into (R,|-]).

The notion of spatial embedding can be seen as a “fuzzy” version of a random geo-
metric graph. A graph G is called a geometric graph on a bounded region S C R with
metric d if there exists an embedding 7 of the vertices of G in .S, and a threshold value
r > 0, such that for every two vertices u and v of G, u is adjacent to v if and only
if d(w(u), w(v)) < r. Geometric graphs have been studied extensively; see for example
[10,11,23]. The random geometric graph RG(S, n,r) is the geometric graph which results
if the embeddings of the vertices are chosen randomly from S. Random geometric graphs
clearly have a spatial embedding. Link probabilities in this case can only be 1 or 0. Pre-
cisely, the spatial link function f is given by f(x,y) =1 if d(z,y) < r, and f(z,y) =0
otherwise. For all a € [0, 1], R,(z) equals the closed ball around « of radius r, so clearly
f is a spatial link function. In this paper, we restrict ourselves to geometric graphs on the
one-dimensional space (R, |-|) and will refer to these as one-dimensional geometric graphs.

We introduce first a graph parameter I'*, which characterizes geometric graphs in
(R,|-])- One-dimensional geometric graphs are also known as unit interval graphs. The
correspondence becomes clear if we associate each vertex u of a one-dimensional geomet-
ric graph with the interval [r(u) — &, 7(u) + 3], where 7 is the geometric embedding.
(We can always assume, without loss of generality, that » = 1.) Now vertices u and v are
adjacent precisely when the associated intervals overlap.

It is well known that unit interval graphs are characterized by the consecutive 1s
property of the vertex-clique matrix (see [16]). Restating this property, it follows that
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a graph G is one-dimensional geometric if and only if there exists an ordering < on the
vertex set of G such that

Vo,z,w e V(G),v<z<w and v~w= z~v and z~ w. (6)
To be self-contained, we present a direct proof below.

Proposition 3.2. A graph G is a one-dimensional geometric graph (unit interval graph)
if and only if there exists an ordering < on V(G) that satisfies (6).

Proof. The forward direction is clear. To prove the converse, we proceed by induction.
Suppose that for every graph G with & < n vertices, if V(G) satisfies (6) for an or-
dering <, then there exists a linear embedding 7 of vertices of G, with the additional
conditions that 7 is injective, and that the distance between adjacent vertices is strictly
less than one. Also, we assume that the embedding respects the ordering <, so u < v
implies that 7(u) < 7(v).

Suppose that G is a graph with n vertices, and there exists an ordering < on vertices
of G which satisfies (6).

Let {v1,...,v,} be the vertices of G labelled such that v; < v; whenever ¢ < j. The
ordering < restricted to V(G) \ {v,} satisfies Condition (6) for G — v,,. Thus, by the
induction hypothesis, G — v,, has a linear embedding = of V(G) \ {v,} into the real
line which satisfies the additional conditions. Suppose that m is the smallest index such
that vy, is adjacent to v,. Let £ = max{m(v,—1), m(Vm—1) + 1}, and consider the interval
(¢, m(vym) + 1). By the induction hypothesis, m(vp—1) < 7(vy), and, since v, and v,
are adjacent, so are v, and v,_1, and thus 7(v,—1) < 7(v;,) + 1. This implies that
¢ < 7(vm) + 1, and thus the interval is non-empty. Moreover, every point in the interval
has distance greater than one to all embeddings of non-neighbours of v,, and distance
less than one to all embeddings of neighbours of v,,. Therefore, choosing m(v,,) in this
interval results in a linear embedding of V(G) with the desired properties, and we are
done. O

Using Condition (6), we define a parameter I'* on graphs which identifies the one-
dimensional geometric graphs. Let G be a graph with a linear order < on its vertices.
For every v € V(G), we define the down-set D(v) and the up-set U(v) of v as follows:

Dw)={zeV(G):z<v} and U(v) ={z € V(G):v < x}.
For every vertex v, the collection of all the neighbours of v is denoted by N (v).

Definition 3.3. Let A C V(G), and < be a linear order of the vertex set of G. We define

(G, <, A) = m S" [IN(6) N AN D(w)| - [N(u) 0 AN D(w)]],
1
T VR Y IN@)NANT®@)| - N NANT@)],,

u<v
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where

z ifz>0
[z]+ = .
0 otherwise

We also define

I''(G,<)= max I''(G,<,A),
ACV(G)

and
r(GQ) = m<in (G, =),
where the minimum is taken over all the linear orderings of V(G).
Proposition 3.4. A graph G is one-dimensional geometric if and only if T*(G) = 0.

Proof. Let G be a one-dimensional geometric graph, and A be an arbitrary subset of
V(G). Let < be a linear ordering that satisfies Condition (6). Fix an arbitrary pair of
vertices u < v of G. By Condition (6), if z belongs to N(v) N AN D(u) then z is adjacent
to u as well. Thus |[N(v)NAND(u)| < |N(u)NAND(u)|. Similarly, |[N(u)NANU(v)| <
|N(v) " AN U(v)|, which implies that I'*(G, <) = 0. Thus I'*(G) = 0.

Conversely, let G be a graph such that I'*(G) = 0. Let < be the linear order of V(G)
such that I'*(G, <) = 0. Let u < v be an arbitrary pair of adjacent vertices of G, and
take z so that u < z < v. Since I'*(G, <, A) = 0 for all A C V(G), choosing A = {v}
gives that 1 = |[N(u) N{v}NU(z)| < |N(z) N{v} NU(z)|. This implies that z is adjacent
to v. Similarly, one can show that z is adjacent to w. Thus Condition (6) is satisfied
for G, and G is a geometric graph. O

Next, we extend Condition (6) to functions in W,. The generalization is obtained
by considering functions representing graphs, as introduced in the previous section. Let
G be a one-dimensional geometric graph with a linear ordering < of its vertices that
satisfies Condition (6). Let wg be the function in Wy that represents G with respect to
the labelling of V(G) obtained from the linear ordering <. It follows that wg(z,z) =1
and z < y < z imply that wg(z,y) = 1 and wg(y, z) = 1. We generalize this property
as follows:

Definition 3.5. A function w € W is diagonally increasing if for every xz,y, z € [0, 1], we

have:
(1) z<y<z=w(z,z2) < w,y),
(2) y<z<z=wzy) <w,z2)
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A function w in W is diagonally increasing almost everywhere if there exists a diagonally
increasing function w’ which is equal to w almost everywhere.

Combining Definitions 3.1 and 3.5, it is clear that a symmetric function w is a spatial
link function on [0, 1] if and only if w is diagonally increasing. In the following remark,
we show that a w-random graph has a “reasonable” linear embedding whenever w is
equivalent to a diagonally increasing function.

Remark. Note that the random graphs G(n,w) and G(n,w’) are the same, i.e. they
are identical as probability distributions, if w & w’. To see this, let Pr,,(F') denote the
probability assigned to a simple graph F' on vertex set {1,2,...,} in G(n,w). Clearly,

Pro (F) = /Hw(xi,xj) T1(1 - (e, z)) = 3 (~1)EN—IOl (7 ),

i~g kool F

where the sum is taken over all graphs F” on vertex set {1,2,...,n} which contain F as
their subgraph. Our claim clearly follows from Corollary 3.10 of [6], which we state below:

For two graphons w and w’ we have dg(w, w’) = 0 if and only if ¢(F,w) = t(F,w’) for
every simple graph F'.

Thus, if w is equivalent to a diagonally increasing function, then for any integer n > 1,
the random graph G(n,w) has a linear embedding.

The converse is also true, under certain conditions. Namely, suppose G(n,w) has a
linear embedding SG([0,1],] - |, f, pt,n). Also suppose that p is a continuous probabil-
ity distribution (7.e. absolutely continuous with respect to Haar measure), that assigns
nonzero measures to open intervals in [0,1]. Let F' be the cumulative distribution func-
tion of p on [0,1]. Then, if x is sampled uniformly from [0, 1], F(z) is sampled according
to p. Let w'(z,y) = f(F(z),F(y)), where f is the spatial link function. An argument
similar to our previous discussion implies that for every simple graph H, the densities
t(H,w) and t(H,w') are the same. Thus, dg(w,w’) = 0. Moreover, w’ is diagonally in-
creasing, since F is increasing and f is a spatial link function. Therefore w is equivalent
to a diagonally increasing function.

Clearly, a graph is a one-dimensional geometric graph if and only if it has a function
representative in W, which is diagonally increasing. (Remember that we assume the
function representative to have all blocks on the diagonal equal to 1.) Indeed, the func-
tion representative will be the function wg where the vertices are ordered according to
a linear ordering that satisfies Condition (6). More important is the connection between
diagonally increasing functions and linear embeddings, which follows in the next section.

4. The parameter I on W

Next, we introduce a parameter I which generalizes the graph parameter I'* to func-
tions in W. We will see that I' identifies the diagonally increasing functions.
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Definition 4.1. Let A denote the collection of all measurable subsets of [0, 1]. Let w be a
function in W, and A € A. We define

r(w,A)://[ / (w(z, 2) — w(z,y)) da] , dyd>
]

y<z z€AN[0,y

[ 1w - ) i), dud

y<z xz€An|z1]

Moreover, T'(w) is defined as

I(w) = ilelaF(w,A),

where the supremum is taken over all the measurable subsets of [0, 1].

It follows directly from the definitions that any function w € W which is almost
everywhere diagonally increasing has T'(w) = 0. The converse also holds, as is stated in
the following proposition.

Proposition 4.2. Let w be a function in W. The function w is diagonally increasing
almost everywhere if and only if T'(w) = 0.

Before we give the proof, we introduce some notations which will be used later. Let
w € Wp, and A and B be measurable subsets of [0,1]. We define w(A, B) to be the
average of w on A X B, i.e.

w(A,B) = / w(z,y)dzdy,

AxB

p(A)p(B)

where p is the Lebesgue measure on [0,1]. Let n be a positive integer. For each 0 <14 <

n—1,let I; = [, 1], We define the symmetric functions wy,, w;}, and w, on [0,1]?
follows.
w;'; = w(l;, I;) for 0 <d,5 <n—1,
wn(z,y) = wi; if (z,y) € I; x 1,

EIiXIn_h
GIiijandigj—Q
EIZ‘XIZ'

w
w;
Py if(my) el xjand1<i<j<n-—2
{7 e
)
)
se={1 e
ye Il x Iitq.

(z,y
(z,y
z+LJ 1 if (2,y
(T, y
(z,y
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Let A and B be subsets of [0,1]. We say A < B if every a in A is smaller than or equal
to every b in B.

We now give the proof of Proposition 4.2. This proof is inspired by the proof of
Lemma 4.6 of [3]. However, we include the proof to make the paper self-contained.

Proof of Proposition 4.2. Clearly, if w is diagonally increasing almost everywhere then
I'(w) = 0. We now prove the other direction. First, let us assume that w is a function in
Wo with T'(w) = 0. Let A, B, and C be measurable subsets of [0, 1] such that C' < A < B.
Since I'(w) = 0, for almost every y € A and almost every z € B,

/w(m,z)dazg /w(m,y)dx. (7

zeC zeC

Taking repeated integrals of both sides of Eq. (7) over A and then B and then dividing
by u(A), we conclude that

/w(x,z)dxdzg— / w(zx, y)dzdy. (8)
CxB CxA

Similarly, one can show that for subsets A, B, and C of [0,1] with A < B < C, we have
1(A) /

w(z,y)dydr < ——= w(x, z)dzdz. 9

[ wemdie < B2 [ wias) )

AxC BxC

Applying the above inequalities to the sets I;, we have that for every (z,y) € [0,1]?,

w,, (z,y) < wy(z,y) < wl(z,y). Now let A and B be measurable subsets of [0, 1]. From

Egs. (8) and (9) it follows that, if 0 < i < j —2 <n — 3, then

BnNnlI;

w(z,y)drdy < wBNL) / w(z,y)drdy
n(l-1)

(Aﬂ[i)X(BﬁI_j) (Aﬁ[i)XIj_l

W(AN LB L)

p(Lir)pu(Lj-1)

[ e

Liv1x1Ij 1

= p(ANL)(B N L)wiyq ;g

Thus,

w(z,y)dxdy < / wt (x,y)dzdy. (10)

(ANI)x(BNI;) (ANL)x (BNI;)

By definition of w;", similar inequalities hold trivially for the cases where i = j — 1 or
i = j. Finally, using the fact that w is symmetric, we conclude that (10) holds for every i

and j. Therefore,
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/ wlog)dody = 3 / w(a, y)dady

AXB 83=0an1;) % (BNI;)

IN

n—1
> / wi (2, y)dady

bI=0AnT) % (BNI;)

= /wrf(x,y)dxdy.
AXxXB

Moreover, since measurable subsets of [0,1]? can be approximated in measure by finite
unions of disjoint rectangles, we get

[wtedzy < [ w;e.g)dsdy
E E

for every measurable subset E of [0,1]2. Thus, w < w,} (and similarly w, < w) almost
everywhere in [0, 1]2. Therefore,

+

= wnly < = wy = [ (wf = wy) (e )dady.

[0,1]?

By the definitions of w;} and wy, , we have [, w;, (z,y)dedy = [, o1, Wit (@) dzdy
i X1 i— i
for every pair i, j satisfying 2 <i < j —1 < n — 4. Moreover, w,", w,, € Wy. Thus,

8
lw = wally < —.
n
Using the Borel-Cantelli lemma, we conclude that the sequence {wan },en converges to w
almost everywhere in [0, 1]?, i.e. 1 := lim sup,,cyy wan = w almost everywhere. Finally, by
Eqgs. (8) and (9), each w, is a diagonally increasing function. Therefore, ¢ is diagonally
increasing as well. This proves the converse for the case where w € W.

Now let w be an element of W such that I'(w) = 0. Define the new symmetric
function w’ to be w’ = ¥=2, where a (respectively b) is a lower bound (respectively

upper bound) for w. Then w’ € Wy and T'(w’) = 0. Therefore, by the previous part
of the proof, we have that w’ is diagonally increasing almost everywhere. Hence, w is
diagonally increasing almost everywhere as well. 0O

5. Parameters I'* and I" asymptotically agree on graphs
A graph G can be represented as a function wg € Wy, but it is not necessarily true

that T*(G) = T'(wg), even when the representation w¢ is obtained by using the ordering
of the vertices that achieves I'*(G). This is due to the fact that a set A which determines
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the value of I'(w) does not have to be consistent with the partition of [0, 1] into n
equal-sized parts on which wg is defined. However, we show that I'*(G) and T'(wg),
computed using the same ordering of the vertices, are asymptotically equal. This result
follows as a corollary from the following theorem.

Theorem 5.1. Let n € N. Let w € Wy be a function which is measurable with respect
to the product algebra A} x A, where the algebra A} is generated by the intervals
{I :0<i<n-—1}. Then

1
INw) = itelaf(w,A) = frlréz%; I(w, A) + O(ﬁ)
Proof. Let n € N and w € W, be as above. Note that w is constant on the rectangles
1; x I, since it is measurable with respect to the product algebra A} x A} . For each
i,j € {0,...,n — 1}, let w(z,y) = a;; whenever (z,y) € I; x I;. Fix A € A, and
let B = p(ANI;) for every 0 < k < n — 1. The expression for I'(w, A) as given in
Definition 4.1 can now be simplified.

Consider y < z so that y € I; and z € I,. If i = j, then for all z, w(z, z) = w(z,y), so
[fa:eAm[o,y] (w(z, z) —w(z,y)) da:}+ =0.If0<i<j<n-—1, then

[ ) - wea)dd],
z€AN[0,y]

i—1
= [Z / (akj - aki)diﬂ + / (aij — aii)dac}+
k=04n7, ANI;N[0,y]

i—1

= [ZM(A N Ix)(arj — ags) + p(ANL; N[0, y])(ay — %‘)]Jr
k=0

i—1
< ([Zﬂk(akj — aki)Lr + %) .
k=0

In the last step, we use the inequality [z + y]+ < [z]+ + [y]+, and the fact that w is
bounded by 1, so (AN 1;N[0,y])(ai; — ai;)| is at most 2.
Similarly, we have that

[ / (w(z,y) — w(z,2)) da]
z€EAN[z,1]

n—1

= [ Y AN (ars — ay) + p(AN T 0 [2,1])(ags — agy)] |
k=j+1

IN

n—1 2
[ > Brlawi — ag)], + -

k=j+1
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Using this, we can bound I'(w, A):

F(w,A) < Z / / ([iﬁk(akj — aki)]+ + %) dydz
k=0

Oi<gsn—lycr zer,

+ > // [Eﬂk<aki%>]++i dyd

0Si<j<n—l . .op k=j+1
i—1
1 n—1
- Z ﬁ[ZBk(akj - aki)]+ + 3
0<i<j<n—1 k=0
1 n—1 n—1
+ Z F[ Z 5k(aki—akj)]++7.
0<i<j<n—1 k=j+1
Now define
gw(A) = gw(ﬂOa ceey ﬁn—l)
1 i—1 n—1
= > S [y —aw)], + [ Y Bulari —ai)]
0<i<j<n—1 k=0 k=j+1
Thus,
2(n — 1) 2
Dw, 4) < gu(d) + 2 < gy (4) + = (1)

Similarly, one can use the inequality [z + y]+ > [z]+ — |y| to show that

D(w, A) > gu(A) — % (12)
Since  +— [z]+ is a convex function, g,, is the sum of convex functions, and therefore
is itself also convex. Moreover, since 8 € [0, %], the function g,, achieves its maximum
when each of the coefficients 3}, is either 0 or % Since B = p(A N 1), this implies that
the maximum is achieved when, for each k, either A contains I, or is disjoint from Ij.
Hence, sup 4¢ 4 guw(A) = maxac.ax gu(A).
Let A" € A}, be such that maxac a: guw(A) = gw(A’). Then, by Egs. (11) and (12) we
have

2 2
sup I'(w, A) < sup gw(A) + — = max g, (A) + —
Aea( ) Aeag() - AeAzg() -

2 4
= gw(A,) + - < F(’LU7A/) + E

3

4
< max I'(w, A) + —. (13)
AcA* n
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On the other hand, we clearly have

<
g ) < T ), "

completing the proof. O

Corollary 5.2. Let G be a graph with n vertices, and wg be the function in Wy that
represents G with respect to a linear ordering < of the vertices of G. Then

(G, <) = T'(we) +0(%>.

Proof. Let A € A7, and define A= {0<i<n-1:1I C A} From the proof of
Theorem 5.1, it is easy to observe that I'*(G, <, A) = Juwe(A), and gy (A) — % <
F(wG7A) < Jwe (A) + % Thus,

2 2

max I'*(G, <, A) — = < max I'wg, A) < max I'(G, <, A) + =.
AcAx n — AcAr AcAx n

Using Theorem 5.1, we conclude that [I'*(G, <) — I'(wg)| < £, and we are done. O
6. Continuity of the parameter I’

Our main result, presented in this section, concerns the behaviour of the parameter I'*
if applied to a converging graph sequence {G,}. Using the theory developed in the
previous sections, we will show that the sequence {I'*(G,,)} converges. Precisely, suppose
{G,} converges to a limit w € Wy. Then there exists a function w* arbitrarily close to w
under the box distance, so that lim, . I'*(G,,) is arbitrarily close to I'(w*).

The above follows from the continuity of a related parameter, I, which is defined
on Wy as the infimum of I'(w) over a set of functions that have box distance zero to
each other. The precise definition is given below in Definition 6.3. We first present the
following lemmas.

Lemma 6.1. Let w : [0,1]% — [—2,2] be a measurable function. Then |[wx|g < 2+/[Jw| g,
where

1 z<y

0 otherwise

x(@,y) = {

Proof. Let Q@ = {(z,y) : 0 <z <y < 1} denote the subset of points above the diagonal
in [0, 1]2. Define k = [ﬁ], which is a positive integer. Now, we can decompose €2
into k — 1 rectangles and k triangles as shown in Fig. 1. Precisely, the i-th rectangle
has width % and ranges from y = % to y = 1, and each triangle has base and height
equal to % By the definition of cut-norm, the integral of w over each of the rectangles is
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=

%7

0 1

Fig. 1. The decomposition of the set of points above the diagonal as used in the proof of Lemma 6.1.

at most [|wl|g, in absolute value. Also, each of the triangles has measure 515, and there
are k triangles in total. Since |w| is bounded by 2, the integral of w over the triangles is
at most 517 (2)(k) = 4, in absolute value. Therefore, we have

11

1
[ [ extedody| < &+ k= D]l
0 0

< VTwla + (H%U”)nwm = 2/Tullo. (15)

For arbitrary subsets A and B of [0,1], let xaxp denote the characteristic func-
tion of the subset A x B of [0,1]2. Applying (15) to wyaxp instead of w, we get

1,1 .
|f0 fo wxaxsX(x,y)dzdy| < 2v/||lwxaxslla < 24/||w||a, which proves that ||wx||g <
2y/[lwllo. O

Lemma 6.2. Let wy and we be elements of Wy. Then |I'(wy) — I'(ws)| < 2||lwy — wal|g +

4\/ ||w1 — IU2||D.

Proof. Let

Lyw.4) = | y / y /H (w(z, ) — w(z,y)) do | dydz,

NwA)= [ [ | [ @ -e@)de| dya,

y<z |z€AN[z1]

I+

soT'(w, A) =Ty (w, A)+T2(w, A). Fix a measurable set A € A. Using again the inequality
[ + Y]+ < [z]+ + [y]+, we obtain that
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W)= [ [ 1 [ i) - weg)de| dyas

y<z [z€AN[0,y] 1y

g// / (wy(z,2) — wa(, 2)) dz|  dydz

y<z |z€AN[0,y] 1y

AN R R

y<z |z€AN[0,y]

+// / (wa(z,y) —wi(z,y))dz| dydz.

y<z _mEAﬂ[O,y] J+

Recall that a function on [0,1] attains a value at least as large as the average of the
function at some point. Therefore there exists yg, zg € [0, 1] such that

I (w,4) < / / (wi(z, 2z) —wa(x, 2))dx| dz

Yyo<z |z€AN[0,yo]

+T'i(we, A)

+

+ / (wa(z,y) —wi(z,y))dx| dy

y<zo |zx€AN[0,y]

/ / (w1, 2) — wa(z, 2)) dedz

z€Ty1 € AN[0,yo)
+ 'y (w2, A)

i / / (w2 (2, y) — wi(z,y)) dzdy,

yeT2 z€ AN[0,y]

where T and Ts are the appropriate sets of points which make the associated expressions
positive. From the definition of the cut-norm, it then follows that

[i(wy, A) = Ti(w2, A) < [Jwy — wallg + [[(w1 — w2)x||a-

Similarly, by switching wy and ws, we get 'y (wa, A) — 1wy, A) < ||lwg —wal|g + || (w1 —
wa)X||g, which implies that

[Ty (w1, A) — T1(wa, A)| < flwr — walg + [[(w1 — wa)x]lo
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holds for every subset A. Moreover, one can prove the analogues result for I's. Thus,

P(wy, A) = T(wz, A)| < [Ty (w1, A) — Ty (wa, A)| 4 [P2 (w1, A) — Ta(ws, A)
< 2[jwy — wallo + 2 (w1 — w2)x|lo-
Since I'(w;) = supy I'(w;, A) for ¢ = 1,2, it follows that
T (w1) — T(w2)| < 2[lwr — wallg + 2/| (w1 — w2)x]|o-

This fact, together with Lemma 6.1, finishes the proof. O

We are now ready to prove our continuity result. In order to study the limit of the
sequence {I'"*(Gy,)}, we need to define the following parameter, which is a generalized
notion of I'. Recall that two functions u,w € W, are equivalent (i.e. u ~ w) precisely
when 0y (u, w) = 0.

Definition 6.3. Let w be a bounded function in W. We define the new parameter I' to be

[(w) := inf T(w') = inf{T(w’) : dg(w,w’) = 0}.

w’ w

The lemmas above lead to the following theorem, which establishes the continuity of
the parameter [ on the space W, with the cut-distance 5.

Theorem 6.4. Let w € Wy be the limit of a dg-convergent sequence {wy, }nen of functions
in Wy. Then {T(w,)}nen converges to T'(w) as n — oco.

Proof. By the definition of T', for each positive integer m there exists an element u,, € Wj
such that 0p(w, um) = 0 and |T(uy,) — T'(w)| < L. Fix such a sequence of graphons

{Um }on=1-
Fix m € N. Then

Oa (W, Un) = 0 (wp, w) — 0,

as n goes to infinity. By the definition of cut-distance, this convergence implies that there
exist maps 1, € ® such that

|wl™ — U |lg — 0 as n — oc.

By Lemma 6.2 we have,

D(w?™) — T(upm).
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Thus, for every m € N|

- ~ 1
limsup I'(w,) < limsupT(w?") = T'(uy,) < T(w) + —
neN neN m

)

which implies that lim sup,,cy ['(w,) < T'(w).

To prove the other inequality, let 4 := liminf, ey I'(w,,), and recall that, by assump-
tion, dg(wy,,w) — 0 as n — oo. Fix 0 < € < 1, and let n € N be chosen such that it
satisfies

2 €

and |T'(wy,) — 7| < 3

€
6D(U}n,ﬂ)) < @,

In addition, let w/, € Wy be such that ég(w,, w,) = 0 and |D(w/,) — T'(wy)| < €/3. By
definition of the §g-distance, there exists ¢ € ® such that ||w!, — w®||g < % and thus,
by Lemma 6.2, |T(w),) — T'(w®)| < 6+/|Jw!, — w?||g < €/3. Thus,

I(w?) =] < [D(w®) = T(wp)| + 0 (w)) = T(wn)| + T (wn) =9

< €.

Therefore, for every 0 < € < 1, I'(w) < I'(w?) < liminf, ey T'(w,) + €. Combining this
with the lower bound, we get

lim sup I(w,) < T'(w) < liminf T'(w,),
neN neN

which implies that lim,,_, f‘(wn) = f‘(w) O

Corollary 6.5. Let w € Wy be the limit of a convergent sequence {Gp}nen of graphs with
[V(G,)| = oo. Then {T*(G,)}nen converges to T'(w) as n — oo.

Proof. For each n € N, let w’Gn be the step function representing G,, with respect to an
ordering </ that is optimal for I'*. Thus, by Corollary 5.2,

. . F* — 1 . * / — 1 . / > . . - / )
hgleanf (Gr) hrilelI\IIlfF (Gn,=<1,) hrglell\IIlfF(’an) > llglell\IllfF(an)

Clearly the sequence {w’Gn} converges to w with respect to dg-distance. Thus by Theo-
rem 6.4,

lim inf T*(G,,) > T'(w).

neN

On the other hand, let u € W)y be an element equivalent to w such that T'(w) +e > T'(u).
Since the sequence {G,} converges to u, there is a labelling of vertices of graphs G,
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corresponding to an ordering <, for which ||lwg, — w||g — 0. Thus by Lemma 6.2, we
have I'(wg, ) — I'(w). Therefore by another application of Corollary 5.2 we have

e+ D(w) >T(u) = lim T'(wg, ) = lim T*(G,, <,) > limsupT*(G,,). O

n—oo n—oo neN

In particular, if a convergent graph sequence {G,} with limit w has the property
that {I'"*(Gy)} converges to zero, the above theorem states that ['(w) = 0. This implies
that there exist functions u with I'(u) arbitrarily small so that the graphs {G,} have
similar structure, in terms of homomorphism densities, as the random graph G(n,u). We
would like to conclude that the graphs {G,} are consistent with having been formed by
a random process with a linear embedding. However, it does not follow from our results
that any function u with T'(u) small is “close” to a diagonally increasing function. We
conjecture that, in fact, if I'(w) is small, then there exists a diagonally function u which
is close to w in box distance.

Conjecture 6.6. There exists a strictly increasing function f which approaches zero as
x — 0 such that:
For every w € W), there exists u € Wy with I'(u) = 0 and ||w — ul|g < f(T(w)).
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