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We discuss semi-algebraic graphs and hypergraphs and show that some of the most important results in
extremal combinatorics can be substantially strengthened when restricted to semi-algebraic hypergraphs. In
particular, we discuss such a strengthening of the Kévari-Sés-Turdn theorem.

e A hypergraph H = (P,E) is called r-partite if it is r-uniform and P is partitioned into r parts,
P =P, U---UP,, such that every edge has precisely one vertex in each part.

e An r-partite hypergraph H = (P, U --- U P, E) is called semi-algebraic in (R%, ... Ré) d =
>i_y di, if there are polynomials fi,...,f; € R[z1,...,24] and a boolean function ®(X7,...,X;)
such that for every (pi,...,p,) € P x --- P, C R we have (py,...,p,) € E < ®(fi(p1,...,pr) >
0;...5 fe(p1,--oypr) 2 0) = 1.

e If our r-uniform hypergraph H = (P, E) is a priori not r-partite, we fix an enumeration py,pa, ...
of the elements of P C R? and say that H is semi-algebraic if for every 1 < iy < -+ < i, < n,
Piys---spi) € ES O(fi(Diyy-- 00 ) = 0505 fe(Diys ..., pi,) = 0) =1, where @ is a boolean function
and f1,..., f; are polynomials satisfying the same properties as above.

o We say that the F has description complexity at most ¢ if E/ can be described with at most ¢ polynomial
equations and inequalities, and each of them has degree at most ¢.

Ramsey’s Theorem. The Ramsey number Ri(n) of the complete k-uniform hypergraph on n wvertices
satisfies twrg_1(cn?) < Ri(n) < twrg(c'n) where the tower function twry(z) is defined by twri(z) = x and
twr; (z) = 20Vri-1(2) for ¢ > 2,

Semi-algebraic setting: Let RZ’t(n) be the minimum N such that every semi-algebraic k-uniform hyper-
graph H = (P, E) of description complexity t contains P’ C P of size n such that (1:) CFEor (1:) NE =10.
Fork>2 and d,t > 1, Ri’t(n) < twrg—1(n) where ¢; = ¢1(d, k, t).

Szemerédi’s Regularity Lemma. For every e > 0 there is K = K(g) such that every graph has an
equitable verter partition into at most K parts such that all but at most an € fraction of the pairs are
e-reqular.

Semi-algebraic setting: For any positive integers r,d,t, D there exists a constant ¢ = ¢(r,d,t,D) > 0
with the following property. Let 0 < ¢ < 1/2 and H = (P, E) be an r-uniform semi-algebraic hypergraph in R?
with complexity (t, D). Then P has an equitable partition P = PyU- - -UPk into at most K < (1/¢)¢ parts such
that all but an e-fraction of the r-tuples of parts are homogeneous in the sense that either P;, x---x P, CFE
or P, x -+ x P, NE=10.

Zarankiewicz’s Problem. What is the mazimum number of edges in a Ky, i-free bipartite graph G =
(P,Q, E) with |P| =m and |Q| =n?

Ko6vari-Sés-Turan Theorem: Every bipartite graph G = (P,Q, E), |P| = m, |Q| = n, which does not
contain Ky, satisfies |E(G)| < cx(mn=/* 4 n) where c;, depends on k.

Semi-algebraic setting: Let G = (P,Q, E) be a semi-algebraic bipartite graph in (R, R%) such that
E has description complexity at most t, |P| =m, and |Q| =n. If G is Ky i-free, then

|E(G)] < ((mn)Q/3 +m+ n) for dy = ds = 2,

and more generally,

do(dy—1) di(dp—1)

|E(G)] < c3 (m hdy—1 T Tddy 1 +m+n> for all dy,d>.

Here, € is an arbitrary small constant and ¢; = ¢1(t, k) and c3 = c3(dy,da,t, k, ).




Proof of the semi-algebraic version of the K6vari-Sés-Turdn Theorem:

e For a bipartite graph G = (P,Q, E), let F = {Ng(q) C P: ¢ € Q} be a set system with ground set P
and let the dual of (P, F) be the set system (F, F*) where F*={{Ac F:pec A}: pc P}.

e The VC dimension of (P, F) is the largest integer dy for which there exists a dp-element set S C P
such that for every B C S, one can find a member A € F with ANS = B.

o The primal shatter function of (P, F) is defined as 7z (2) = maxp/cp|p/|=. [{ANP': A€ F}|

Theorem 1. Let G = (P,Q, E) be a bipartite graph with |P| = m and |Q| = n, such that the
set system Fy = {N(q): ¢ € Q} satisfies nr,(2) < cz? for all z. Then if G is K}, -free, we have
|E(G)] < er(mn'~Y9 4 n), where ¢; = c1(c, d, k).

Theorem 2 (Milnor-Thom). Let fi,..., f¢ be d-variate real polynomials of degree at most t. The
number of cells in the arrangement of their zero-sets Vi, ..., V, C R is at most (%ﬂ)d fort>d>2.

Corollary 3. Let G = (P,Q, E) be a bipartite semi-algebraic graph in (R R%) with |P| = m and
|Q| = n, such that E has complexity at most t. If G is Ky, j.-free, then |E(G)| < ¢/(mn'~1/92 4+n) where
d = C/(dl, dg, t, k)

e The distance between two sets Ay, Ag € F is |[A1AAs] = |(A1 U Az) \ (A1 N Ag)|. The unit distance
graph UD(F) is the graph with vertex set F, and its edges are pairs of sets (A1, A2) that have distance
one.

Lemma 4 (Haussler). If F is a set system of VC-dimension dy on a ground set P, then the unit
distance graph UD(F) has at most do|F| edges.

e We say that the set system F is (k,d)-separated if among any k sets A;,..., Ax € F we have
|(A1U"'UAk)\(A1m“'ﬁAk)‘ > 6.

Lemma 5 (Packing lemma). Let F be a set system on a ground set P such that |P| = m and
77 (2) < ez for all z. If F is (k,6)-separated, then F < ¢/(m/8§)? where ¢’ = c'(c,d, k).

e Let F1 = {N¢(q): g € Q} and F» = {Ng(p): p € P}. Given a set of k points {¢1,...,qx} C Q, we say
that a set B € Fy crosses {q1,-.,qx} if {q1,..-,qx} N B # 0 and {q1,...,qx} € B.
Observation 6. There exists k points qi,...,qx € Q such that at most 2C'm/n1/d sets from Fa cross
{q1,---,qx}, where ¢ is defined as in Lemma @

Applications:
e Incidences with algebraic varieties in R%

Theorem 7. Let P be a set of m points and let V be a set of n constant-degree algebraic varieties,
both in R?, such that the incidence graph of P x V does not contain a copy of K, (here we think of
s,t, and d as being fived constants, and m and n are large). Then for every e > 0, we have

I(PV)=0 (m(z'l;—lis o T +m+ n) .

e Unit distances in R4

Theorem 8. Let P be a set of n points in R, so that every (d — 3)-dimensional sphere contains fewer

than k points (for some constant k). Then, for any ¢ > 0, the number of unit distances spanned by P
is O(n2d/(d+1)+€).

e A variant for semi-algebraic hypergraphs

Corollary 9. Let G = (P,...,P,,E) be an r-partite semi-algebraic hypergraph in (R%, ... R"),
such that E has description complexity at most t. For any subset S C {1,2,...,r}, we set m = m(S) =
[Lics|Pil, n=n(S) = Hi¢s |Pi|, D1 = D1(S) = |S|, and Dy = Dy(S) =r — |S|. If G is Ky, x-free,

then

. Da(Dy-1) ,  Di(Dp—1)

|E(G)] < min c3 | m™P1D2=T Tin Db =T 4 m4-m | o
0#£Sc{1,2,...,r}

Here, € is an arbitrarily small constant and c3 = c3(d, ..., d,,t,k,¢).



