
Saving Spa
e by AlgebraizationDaniel Lokshtanov, Jesper NederlofDe�nitions: For an integer i let us N i denote the set of integers f0; : : : ; i� 1g and Zi ring of integers moduloi. For sets A and B, the set A[B℄ is the set of all fun
tions f : B ! A. For a ve
tor v 2 Nd the set Nv isNv[0] � Nv[1] � : : :� Nv[d−1] .The ve
tors are instantiated using h and i. The =, � and < relations for ve
tors are pointwise. Theabsolute value of a 
omplex number u and the length of a ve
tor v is denoted by jjujj and jjvjj. When workingwith rings and semi-rings, + denotes addition and �multipli
ation. For ve
tors, �means the dot produ
t . Whenworking with elements of A[B℄ where A 
omes with addition and multipli
ation, we de�ne pointwise additionoperator � and pointwise multipli
ation operator � as follows: 8x; y 2 A[B℄; b 2 B : (x� y)[b℄ = x[b℄ + y[b℄and (x� y)[b℄ = x[b℄ � y[b℄.We use Iverson's bra
ket notation, so for a predi
ate b, [b℄ is 1 if b is true and 0 otherwise. We will usethis notation for singleton 
onstants, in a form of [X = y℄v, whi
h is v if X = y and 0 otherwise.For a set S and binary operators O1; O2 on S, a 
ir
uit C over (S;O1; O2) is a dire
ted a
y
li
 graphwith parallel ar
s, su
h that every node is either a 
onstant gate, O1 gate or O2 gate. The 
onstant gateshave indegree 0 and are labelled with elements of S. The Oi gates have indegree 2 and its two in-neighboursare its 
hildren. The output of a 
onstant gate is the element it is labelled with, the output of an Oi gateis the result of performing Oi on its two 
hildren. One gate 
 of C is marked as output gate and the outputof C is the output of 
. The depth �(C) is the size of the longest path, and the size of C is the size of theunderlying graph.De�nition: For every n 2 Nd , the Dis
rete Fourier Transform is a linear transform F : C [N n ℄ ! C [N n ℄. Lett 2 C d so that t[j℄ = 2�i=n[j℄ and let N =Qd−1

i=0 n[i℄. Then for a 2 C [N n ℄ we de�ne F(a) and F−1(a) asF(a)[x℄ = X
j∈Nn

e(x⊙t)·ja[j℄; F−1(a)[x℄ = 1N X
j∈Nn

e−(x⊙t)·ja[j℄:De�nition: For a; b 2 Z[Nn ℄ we de�ne 
onvolution of a, b, a
 b, as(a
 b)[x℄ = X
0≤j≤x

a[j℄b[x � j℄:The 
onvolution over
ows if there are ve
tors x; y 2 Nn , su
h that a[x℄ 6= 0, b[y℄ 6= 0 and x+ y 6< n.Theorem 4.2: For a; b 2 C [N n ℄ su
h that a
 b does not over
ow, F(a
 b) = F(a)� F (b).Theorem 4.3: Let n 2 Nd , N = jNn j, and C be a 
ir
uit over (Z[Nn ℄;�;
) with only singleton 
onstants.Suppose that for any gate 
 2 C : 8x 2 Nn ; j
[x℄j � m and that no 
onvolution gate over
ows. Let f be theoutput of C. Then, given n, m and g 2 Nn we 
an 
ompute f [g℄ in time ~O((jCjN logN) log(Nm)�(C)) andspa
e O((jCj+ logN) log(Nm)�(C)):Claim: Let C be a 
ir
uit over (C ; +; �) and m; ` 2 N , su
h that for any gate v 2 C : jjvjj � m. Supposethat 2ℓ � (4m)∆(C) � 1. Then if we are given estimations of 
onstants with `-bit pre
ision, we 
an 
omputethe estimation of result with error at most 2ℓ � (4m)∆(C).Problem Subset SumInstan
e: Set S of positive integers w1; : : : ; wn, an integer w.Question: Does there exist a subset S′ � S su
h that P
wi∈S′ wi = w?s1 = [x = 0℄� [x = w1℄si = si−1 � (si−1 
 [x = wi℄) = si−1 
 ([x = 0℄� [x = wi℄)sn = ([x = 0℄� [x = w1℄)
 ([x = 0℄� [x = w2℄)
 : : :
 ([x = 0℄� [x = wn℄)Problem Knapsa
kInstan
e: Set S of n pairs of positive integers (v1; w1); : : : ; (vn; wn), two positive integers v; w.Question: Does there exist a subset S′ � Nn su
h that P

i∈S′ vi � v and P
i∈S′ wi � w?s1 = [x = hv; 0i℄� [x = hv � v1; w1i℄si = si−1 
 ([x = hv; 0i℄� [x = hv � vi; wii℄)(sn 
 [x � hnv � v; wi℄)[hnv � v; wi℄where [x � p℄ = [x � bp=2
℄
 [x � bp=2
℄� [x = p℄ and [x � ha; bi℄ = [x � ha; 0i℄
 [x � h0; bi℄:



De�nitions: Let V be a set and R be a ring. We will 
onsider 
ir
uits over (R[2V ℄;�; �), where � is the unionprodu
t de�ned as (a�b)[Y ℄ = X
A∪B=Y

a[A℄b[B℄:For f 2 R[2V ℄, the zeta-transform �f and the Möbius-transform �f are de�ned as follows:�f [Y ℄ = X
X⊆Y

f [Y ℄; �f [Y ℄ =X
x⊆Y

(�1)|Y \X|f [X℄Lemma 5.1: For any fun
tion f 2 R[2V ℄ holds that �(�f) = f .Lemma 5.2: For any fun
tions f; g 2 R[2V ℄ holds that �(f�g) = (�f)� (�g).Lemma 5.3: Let C be a 
ir
uit over (R[2V ℄;�; �) and outputs s. Then there is a polynomial time algorithmthat, given Y � V , 
reates 
ir
uit C ′ over (R; +; �) with the same underlying graph, su
h that the output ofC ′ is (�s)[Y ℄.De�nition: Let V be a set, R a ring and f; g 2 R[2V ℄. The operator subset 
onvolution � is de�ned as(f�g)[Y ℄ = X
X⊆Y

f [X℄g[Y nX℄:Theorem 5.1: Let v be a set and let C be a 
ir
uit over (Z[2V ℄;�; �). Suppose C outputs s, all its 
onstantsare singletons and m is an integer su
h that s[V ℄ � m. Then, given C and m, s[V ℄ 
an be 
omputed usingO∗(2|V |) and O(jV jjCj logm) spa
e.Problem Unweighted Steiner TreeInstan
e: A graph G = (V;E), T � V , an integer t � jV j.Question: Does there exist a subtree (V ′; E′) of G su
h that jV ′j � t and T � V ′?f v
1 = [X = ;℄ for v =2 T f v

1 = [X = fvg℄� [X = ;℄ for v 2 Tf v
i = i−1X

j=1

X
w∈N(v)

fw
j �f v

i−j

De�nition: Let M be a min sum semi-ring 
onsisting of the set N [1 and operations min and +. We embedM in Z[N℄ with � and 
. We represent a 2 M by a′ 2 Z[N℄ su
h that a[i℄ > 0 for i = a and a[i℄ = 0 fori < a. Let b′; 
′ and d′ represent b; 
 and d, respe
tively. Thenminfa; bg = 
; a+ b = d() a′ � b′ = 
′; a′ 
 b′ = d′Observation: For min sum semi-ring M the de�nition of �M introdu
es min sum subset 
onvolution,(f�Mg)[X℄ = minW⊆X f [W ℄ + g[X nW ℄.Theorem 6.1: Let V be a set and w an integer. Let C be a 
ir
uit over (N [2V ℄;min; �M). Let D be obtainedfrom C by repla
ing all min with max gates and �M with � gates and all 
onstants with a table 
ontainingw+1 in all entries. Suppose all 
onstants of C are singletons and C;D outputs s; t, respe
tively. Then it 
anbe de
ided whether s[V ℄ � w using O∗(2|V |u) time and polynomial spa
e, where t[Y ℄ � u for every Y � V .Problem Travelling Salesman ProblemInstan
e: A graph G = (V;E), vertex s, fun
tion ! : V � V ! f1; : : : ; dg and an integer t � jV jd.Question: Is there a Hamiltonian 
y
le E′ � E of weight at most t?f v
0 = [X = ;℄!(s; v)f v

i = min
u∈N(v)

(fu
i−1�M[X = fvg℄) + !(u; v)Problem Weighted Steiner TreeInstan
e: A graph G = (V;E) with weight fun
tion ! : E ! f1; : : : ; dg, T � V and an integer t � jV jd.Question: Does there exist a subtree (V ′; E′) of G su
h that P

e∈E′ !(e) � t and T � V ′?f v
1 = [X = ;℄ for v =2 Tf v

1 = [X = fvg℄min[X = ;℄ for v 2 Tf v
i = i−1min

j=1
min

w∈N(v)
fw

j �Mf v
i−j + !(vw)


