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Model-based FDI

hybrid
input / = dynamical system |[—— measured
control - | outputs l+ |

guaranteed
decision making

hybrid state
* and parameter |=» reconstructed —

—» estimation variables

Extend to hybrid dynamical systems
set-membership approaches for model-based FDI
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Hybrid dynamical systems

Set membership estimation
Hybrid reachability approach
Example

Research directions
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Hybrid Cyber-Physical Systems

Interaction discrete
+ continuous dynamics

Safety-critical
embedded systems

Networked
4 autonomous systems
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Hybrid Cyber-Physical Systems

Modelling — hybrid automaton (Alur, et al. 1995)

Non-linear continuous dynamics
Bounded uncertainty -

x € Init(l)

H=(9,D,P,L,A,lnv,F),
Continuous dynamics

flow(q) : x(t) = fy(x,p, t),
Inv(q) : vq(x(t),p,t) <O,

Discrete dynamics
A>e: (q9—q)=(q,guard,0,p,q’),
guard(e) :  7ve(x(t),p, t) =0,

to<t<tn, X(tp) eXoCR", peP
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Example : the bouncing ball

X
-g initial conditions
‘10, v=0>0

discrete transition -

jump .
z=10 A velocity v Hme
Jv' = —v \ \
>
\ \\ \ time
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Example : the bouncing ball
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Hybrid Cyber-Physical Systems

Example : the bouncing ball
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S transtions

Discrete transitions
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Estimation of Hybrid State

Modelling — hybrid automaton
Nonlinear continuous dynamics  ~-._ eio(2) 20

Nonlinear guards sets |
x € Init(])
Nonlinear reset functions

Bounded uncertainty
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Estimation of Hybrid State
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Modelling — hybrid automaton
Nonlinear continuous dynamics  ~-._ eio(2) 20

Nonlinear guards sets |
x € Init(])
Nonlinear reset functions

Bounded uncertainty

GUARDS & ACTIONS

®_

Faults as discrete modes !!

CONTINUOUS
DYNAMICS
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Estimation of Hybrid State
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MOde"ing — hybrid aUtomaton GUARDS & ACTIONS

\
Nonlinear ...

Bounded uncertainty

/—

Faults as a mode !!

FDI — State Estimation ..

— reconstruct system variables -
switching sequence I —
continuous variables P |

00000
0
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Hybrid dynamical systems

Set membership estimation
Hybrid reachability approach
Example

Research directions
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Classical Estimation

Classical estimation is probabilistic

Confidence sets
y 4 D14

A

_ y e(p) L
H M £(p) ::©—> Optimisation of J(e(p)) — @

> >
n P2

Yield valid results only if

@ Perturbations, errors and model uncertainties
with statistical properties known a priori

@ Model structure is correct, no modeling errors
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Set Membership Estimation

Unknown but bounded-error framework

Solution set

D14

Vi II

Set Membership Algorithm

—>

\

>p2

Uncertainties and errors are bounded with known prior bounds l

A set of feasible solutions

S={pePlf(p)cY}=F1Y)NP

12



.||||”|‘

il
UNIVERSITE D'ORLEANS

Set Membership Estimation

State estimation with continuous systems

Interval observers

(Moisan, et al. 2009), (Meslem & Ramdani, 2011),
(Raissi, et al., 2012), (El Thabet, et al. 2014) ....

140

120

Substrate

0 5 1b 1.5 20
Time (days) 1 3



[ Set Membership Estimation
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State estimation with continuous systems

Prediction - Correction / Filtering approaches

(Raissi et al., 2005), (Meslem, et al, 2010),
(Milanese & Novara, 2011), (Kieffer & Walter, 2011) ...
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Set inversion. Parameter estimation

Branch-&-bound, branch-&-prune, interval contractors ...
(Jaulin, et al. 93) (Raissi et al., 2004)
S={zeZ, [f(z €Y} —-SCSCS

f([z]) CY = [z] C S : inner approximation
fF(2))NY =0 = [z] £S:outer approximation = [z] C Z\S
otherwise partition ...
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Set Membership Estimation

State estimation with Continuous systems

Interval observers

Prediction-correction / Filtering approaches
Reachability + Set inversion

State estimation with Hybrid systems
Piecewise affine systems (Bemporad, et al. 2005)
ODE + CSP (Goldsztejn, et al., 2010)
Nonlinear case (Benazera & Trave-Massuyes, 2009)
SAT mod ODE (Eggers, et al., 2012) (Maiga, et al. 2015).
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Hybrid dynamical systems

Set membership estimation
Hybrid reachability approach
Example

Research directions
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A Reachability based approach
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Predictor-Corrector approach for hybrid systems

- e:g(r) 20
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Reachability based approach

Predictor-Corrector approach for hybrid systems

..|I|H||'|||I
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LAAS-CNRS
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Hybrid Reachability Computation

Guaranteed event detection & localization

An interval constraint propagation approach
(Ramdani, et al., Nonlinear Analysis Hybrid Systems 2011)

20
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Hybrid Reachability Computation

Guaranteed event detection & localization
An interval constraint propagation approach
(Ramdani, et al., Nonlinear Analysis Hybrid Systems 2011)

Timegrid &> f<ti<tb<---<ty

A
[x/] [Xj+1]

— 7()=0

[t*, 7]

tj (] tj+1

Compute [t*, t"] x [A7]

20
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Hybrid Reachability Computation

Guaranteed event detection & localization

An interval constraint propagation approach
(Ramdani, et al., Nonlinear Analysis Hybrid Systems 2011)

x(t) = f(x,p,t), to<t<tn,x(ty) € [x0], P € [P]

Time grid — o < 1 <t < --- <ty

a priori [X;]

[x;] / [x;1]

@ Analytical solution for [x](t), t € [tj, tj+1] J

x](2) = [x;] + kZ;ll (t — )" fU([x], [p]) + (t — ) FIN([%;], [p])
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Hybrid Reachability Computation

Guaranteed event detection & localization

An interval constraint propagation approach
(Ramdani, et al., Nonlinear Analysis Hybrid Systems 2011)

Timegrid > tHh<thi<th<:---<ty

A
[x] [xjfl]

— 7(.)=0

[t*, ]

t (]t

Compute [t*, t7] x [X7]

20
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Guaranteed event detection & localization

An interval constraint propagation approach
(Ramdani, et al., Nonlinear Analysis Hybrid Systems 2011)

Timegrid - tH<thi<tbh < ---<ty

@ [x](t) = Interval Taylor Series (ITS)(t, [x;], [X;])
o ([X|(£)) =0 J

= 70 ITS(t,x;, [%]) = (¢, x;) J

Solve CSP ([tj, tj+1] % [xj],%(.,.) 2 0)
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Detecting and localizing events

Improved and enhanced version. A faster version.
(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

C, basedon HCA
I y.l.)=0

[x,] (%))

—
—

.

) Lo

t'] if width ([¢*])>¢; then bissect([¢"])

\\

B

>
t
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Detecting and localizing events

Improved and enhanced version. A faster version.
(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

C, basedon HCA
‘ y.l.)=0

\ ::: (X))

N \\\\\.\\\\\\\\\

r—.‘

[t"] if width ([¢°])>¢ then bissect([¢"])

[X,]
T —

> L
¢ t
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Detecting and localizing events

Improved and enhanced version
(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

= =| = —~ - _ Flow transitions ? [_ ~Elgw transitions
- ey BT S 3F N -~ |( 1 ‘-)) =0
T . \7
2F - 72k m—
iy mode 1 A
A
1 1 \
L . . \ Discrete transitions
ok iDiscrete transitions Frontiers | \
! il 1 \
[ \
Tr ! - 1t \ .
l_ y \' - \
‘ - . \o : - . - \
2} \ - 2b mode 2 \ 1 " |
\ 5 i —g 8 =]
" \ = |” \
-3 - ‘ - -3 = .\.\ 1 ! " \ 3
N
'~
| | | | |-
Reachable sets = P
5 1 ' L 1 L 1 s N N N
° 0.05 0.1 0.15 0.2 0.25 03 0.35 A 08 06 04 02 0 0.2 04 06 08
Time (s) €y
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Hybrid Reachability Computation

s > 0.7 s > 0.8

Detecting and localizing events 0‘@.@
Improved and enhanced version ~—— ~—

(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

/I—-\ 8

0-9 L] L] \J L}
0es | / m;
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0.55

05

(e) Stxt (f) YxX space
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Detecting and localizing events

Improved and enhanced version
(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

Bouncing ball in 2D.

25
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Detecting and localizing events

Improved and enhanced version
(Maiga, Ramdani, et al., IEEE CDC 2013, ECC 2014)

Bouncing ball in 2D.
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N
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Set Membership Estimation

Parameter estimation with hybrid systems

Branch-&-bound, branch-&-prune, interval contractors ...
(Eggers, Ramdani et al., 2012), (Maiga, Ramdani et al., 2015)

S — {p - ]Pol (\Vlt - [thTend]7
flow(q) A\ Inv(q) A guard(e))

AVt; € {t1,t2, ..., Tn}, gg(z,P,t) €Y; }

26
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Set Membership Estimation

Parameter estimation with hybrid systems

Branch-&-bound, branch-&-prune, interval contractors ...
(Eggers, Ramdani et al., 2012), (Maiga, Ramdani et al., 2015)

S — {p - ]P()I (\Vlt - [tﬂaTend]a
flow(q) A\ Inv(q) A guard(e))

AVt; € {t1,t2, ..., Tn}, gg(z,P,t) €Y; }

SCSCSUAS=S

Need an inclusion test!

26
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Zonotope Z =c® RB?

Inclusion test

Strip S; = {zx €R"| |n'z —d;| < 05} = [y;]

Zonotope support strip S;={r €R"| ¢z <n'z < q,}

g, =minn'z=n"c—||R"n

rez

ge=maxn'z=n'c+||R"'n

Theorem [(Vicino and Zappa (1996))]

ZﬂszQ) < (dedj_aj)/\(q'ugdj‘
ZCS; < (qu<d;j—0;)V (g > dj-

27
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Inclusion test

Zonotope Z =c® RB?
Strip S; = {z € R"| [n'z — d;j| < 0} = [yl

Zonotope support strip S;={r €R"| ¢z <n'z < q,}

¢, =minn'z =n'c—||R"nl;
HASYA

ga =maxn'z =n'c+||R 7]\

Theorem [(Vicino and Zappa (1996))]




IS Inclusion test
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Frontier of the reachable set = union of zonotopes

(a) Test: is true
28



IS Inclusion test
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Frontier of the reachable set = union of zonotopes

(a) Test: is true (b) is ambiguous
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IS Inclusion test
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Frontier of the reachable set = union of zonotopes

(a) Test: is true (b) is ambiguous (c) is false
28
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Hybrid dynamical systems

Set membership estimation
Hybrid reachability approach
Example

Research directions
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Parameter identification

Hybrid Mass-Spring

Velocity-dependent damping. Mode switching driven by velocity.

To < —0.5 To > —0.5
To < 0.5 xo > 0.5

30
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Hybrid Mass-Spring

case 1 : Parameters acting on continuous dynamics.

CPU time approx. 140 mn! £y < 05— @3> —0.5
To < 0.5 xo > 0.5
0.7 . T T , L
A —
0.68 ' ' " aoBa
0.5 i = -.-.
0.66 | : : : . .
. u o
064 : - oOF = : ;
: =}
- ' { o -
062 } : . ) -
05 —
06 b . .
0.se } » ' . a b 1o - | -
0.56 |
2 205 21 215 22 R Y S yE— 0 02 04 06 08 r 1.2
p1 1

31



.|||||||‘

Tl
UNIVERSITE D'ORLEANS

Parameter identification

Hybrid Mass-Spring

case 2 : parameters acting on discrete transition.

CPU time approx. 40 mn T2 < T T2 > —7
To <V o >0V

0.6 T T T 1

0.58 [

056 f e

054 p

0s2 | ]

048 |

0.6 | - - ~ - - - -

0.42

0.4 1 X 1 15 1 i 1 1 1 1 1 1 1
2 205 2.1 215 2.2 06 04 0.2 0 0.2 04 0.6 08 1 12

p1 x1
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Hybrid dynamical systems

Set membership estimation
Hybrid reachability approach
Example

Research directions
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Contractors for hybrid dynamical systems
To build upon a hybrid reachability approach

Effective methods for set membership estimation

SM parameter estimation ...
SM hybrid state estimation of nonlinear hybrid systems

Combine with decision making for FDI
Application to actual hybrid systems
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