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Theorem 3.1. Let G be a graph with Z-boundary B. Let zg be a vertex of V (G), and let D, be a pre-orientation
of E(zg). Let Vo ={v e V(G) —zg9 | T(v) =0}. If Vo £ 0, we let v be a vertex of Vo with smallest degree.

Assume that % %f/@ (2.) / @

(1) [V(G)| = 3. <
(ii) d(zo) < (2k—2)+ |1 (20)|, and the edges incident with zq are pre-directed such that d* (zg) —d ™~ (z9) =

B(20) gglgf-l’iLﬂ/«
(i) d(A) = (2k — 2) + |t (A)|/for each nonempty vertex subset A which does not contain zo and which

satisfies the conditions that A # {vo} and |V (G)\A| > 1.
Then the pre-orientation D, of E(zp) can be extended to a p-orientation D of the entire graph G, that is,
ea:;—’_/—,”_:—'
for each vertex x of V(G),

—d—(x) = Yo
Ei:;(x) d"(x\)=p(x) (modk). | £§ A
D‘/ _ SF(QU‘&M
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Claim 1. If A C V(G) — zp is a vertex subset such that 1 < |A| < |V(G) — zg/|, then
d(A) > 2k + |t (A)|.

Claim 2. Vo = 0.

Claim 3. G — zg is connected, and d(zp) = k.

Claim 4. For any two distinct vertices x, y € V(G) — zp, we have T(x)T(y) > 0.

Claim5.V(G) —zg=V*1TorV(G) —zp=V".
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