with f(n) = g(n) = 1, F(z) = G(z) = |z], and y = /Z gives
dorn) = 2 > lz/nf — [Vz)?

nlzx n<gl/2

= 2 Y n'+0(z)-z+0(Wz).

nSzl/z

Corollary C.1.16 implies that the last sum equals %logx +v+0O(1/y/z). The
asymptotics follows. ]

From > . logn = zlogz — z + O(logz) (Corollary C.1.13) it follows that
7(n) has average order logn with relative error O(1/log z), and average order
27y + logn with relative error O(1/4/zlogz).

The next three asymptotic relations for > n<z f(n) employ the sum

o0
1 1 1 1 1 2
9) — 2o 44— —4...=1 — 164403,
<@ ZnQ 1+4+9+16+25+ 6 9

(Proposition C.4.4). By absolute convergence (Proposition C.2.4) and the iden-
tity in proof No. 10 of Buclid’s theorem for s = 2, we have

6 1 X un)
R i Pkt

n=1

An integral estimate gives

Zi< LI
n?2 x-—1' )

n>r

Proposition 1.4.2. The function o(n) summing divisors of n satisfies

D o(n) = (72/12)a® + O(zlogz), > 1.

n<x

Proof. The sum equals

dom o= 33 m=Y"z/n)(lz/n] +1)/2

mn<z nlz m<z/n n<z
= z:(xz/Qn2 + O(z/n)) = (22/2) Z n~? + O(zlogz)
nlx nlx

= (x2/2)§(2) - O(z) + O(zlog x)
= (n?/12)z® + O(zlogz) ,

by the tail estimate of 2on>1 n~? and the formula for ¢(2). 0

So o(n) has average order (72/6)n, with relative error O((logz)/x).
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Proposition 1.4.3. FEuler’s totient function p(n) satisfies

Z(p = (3/7%)z* + O(zlogz), x> 1.

n<z

Proof. First proof. Since by Corollary 1.1.11

o) =nJa-p™)=nd ud)/d= "> wde,

pln dln de=n

we calculate, using the above results on ((2), that the sum equals

Soulde = Sud) Y e= 3 (/28 +0(z/d)

de<z d<z e<z/d d<z
= (2%/2) ) u(d)d? + O(zlog z)
d<z

= £2/2¢(2) - O(z) + O(zlog )
= (3/7%)z% + O(zlogz) .

Second proof. Let f(z) be the number of pairs (a,b) € N? with a,b < z, and
g(z) be the number of those with a and b coprime. Since f(z) = > ., g(z/d)
(pigeonholing the pairs by the greatest common divisor), Corollary 1.1.14 gives
that 9(s) = Tgc, u(d)f(2/d). But f(z) = |z, 50 f(2/d) = 2*/d? + O(a/d)
and g(z) = z qu (d)/d? + O(zlogz) = z2/¢(2) + O(zlogz). But also

9(z) =23 ,<, ¢(n) — 1 (pigeonholing the pairs by the maximum), which gives
the result. O

So ¢(n) has average order (6/72)n, with relative error O((log z)/z). The second
proof shows that the limit density of pairs of coprime positive integers equals

6

w2’

. ~ 1
Jim n?H{(a,8) € [n] x [n] | (@,5) = 1} = 55 =

Next we count square-free natural numbers, whose number up to z > 1 we
denote by Q(z). In Proposition 5.1.6 we do the same for polynomials in F,[z];
it is interesting to compare both results.

Proposition 1.4.4. We have

)= pn?®= >  1=(6/r)z+0(1), z>1.

n<e n<z, u(n)#0

Therefore u(n)? has constant average order 6/m* = 0.60792..., with relative

error O(1//x).

Proof. Proof by inclusion and exclusion. Let > 1. The principle of inclusion
and exclusion (Proposition C.1.1) shows that Q(z) equals, by the above results
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on {(2),

B3 |5 % ol S |yt

P<\/_ p<q, pa<Vz p<g<r, pgr<vz
= oY My a A< 0w,
n<vx
2. un n z
= o3 4 0 ¥ M 00E) = o - OWD) + O
n=1 n>\/§
= (6/m)z+0(V3).
Proof by the Dirichlet convolution. We define v(n) as v(n) = 0 if n is not a
square, and zx(n) = u(m) if n = m?. Then p(n)? =3 ,,_, v(a):
u(n —s s e 2 v(n) o= 1
I (T | (Rl I CE R SE D or
) ) D n=1 n=1
Thus
v(a
S un? = 3 vla) = Y v@le/al =2 3 1Y L A a1 <Y @)
n<x ab<z a<lz a<lz alx
‘— the same sum and the same error term as in the first proof. O

So 1/¢(2) = 0.60792... is also the limit density of square-free numbers, the
limit probability that a random natural number is square-free:

. —1f 1 6
Jim n o € ]| (o) # 0} = 5 = 17

For polynomials, this probablity (that a random monic degree n polynonomial
in F,[z] is square-free) equals to the constant value 1—1/g, see Proposition 5.1.6.
The two proofs exploit the same idea in two ways, and the Dirichlet convolution
is the more flexible way. We demonstrate it by the next result, needed later.

Proposition 1.4.5. For x > 1 we have

Hln 1°g‘f o)

Proof. As u(n)? = Zab_ v(a) (by the previous proof), the sum equals

DRI DESD D S P (c eIV m)

n<z

ab<lz a <z a,<a:/b b<z
_ Lyl w 1 _ gz oW oz
- Xt E L oW OV
_ logzx
@ OV
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